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We study a special class of topological phase transitions in two dimensions described by the
inversion of bands with relative angular momentum higher than 1. A band inversion of this kind,
which is protected by rotation symmetry, separates the trivial insulator from a Chern insulating
phase with higher Chern number, and thus generalizes the quantum Hall transition described by
a Dirac fermion. Higher angular momentum band inversions are of special interest, as the non-
vanishing density of states at the transition can give rise to interesting many-body effects. Here we
introduce a series of minimal lattice models which realize higher angular momentum band inversions.
We then consider the effect of interactions, focusing on the possibility of electron-hole exciton
condensation, which breaks rotational symmetry. An analysis of the excitonic insulator mean field
theory further reveals that the ground state of the Chern insulating phase with higher Chern number
has the structure of a multicomponent integer quantum Hall state. We conclude by generalizing the
notion of higher angular momentum band inversions to the class time-reversal invariant systems,
following the scheme of Bernevig-Hughes-Zhang (BHZ). Such band inversions can be viewed as
transitions to a topological insulator protected by rotation and inversion symmetry, and provide a
promising venue for realizing correlated topological phases such as fractional topological insulators.
I. INTRODUCTION
The notion of a band inversion provides a central
paradigm for the understanding of free fermion topolog-
ical phases [1–3]. A band inversion marks the transition
between two gapped electronic phases in the same sym-
metry class but with distinct topology, and must neces-
sarily lead to a closing of the energy gap [4, 5]. At the
gapless band touching point, where the order of bands is
reversed, the topological index associated with the sym-
metry class changes [6, 7]. As a result, knowledge of the
type of band inversion gives access to information on the
topological distinction between the two phases separated
by a topological phase transition. This is most clearly
exemplified by those band inversions which can be de-
scribed by a single Dirac fermion theory. In such theo-
ries a sign change of the Dirac fermion mass indicates a
change of bulk topology. In two dimensions this defines
the low-energy theory for the quantum Hall transition [8]
and in three dimensions this describes the transition be-
tween a trivial and a topological insulator [9].
In general, when band inversions occur at high-
symmetry momenta, the type of such band inversion
can be indicated by the eigenvalues of spatial symme-
try operators of the bands which invert [3, 10–13]. For
instance, the Fu-Kane formula can be viewed as a sym-
metry indicator for a band inversion transition occurring
at a time-reversal invariant momentum which changes
the Z2 topological index [3]. Another example of estab-
lished symmetry indicators are crystal rotation symme-
tries [10, 14, 15]. Two bands characterized by different
crystal rotation eigenvalues have different angular mo-
mentum, which implies that, in two dimensions, an inver-
sion of such bands leads to a change of the Chern number
(assuming the existence of an energy gap on both sides of
the transition). In this paper we study this type of band
inversion, with a particular focus on higher angular mo-
mentum band inversions. Such band inversions mark the
transition to a Chern insulator with higher Chern num-
ber and generalize the transition described by a Dirac
fermion.
Our understanding of Chern insulators and Chern
bands fundamentally relies on their connection to (flat)
Landau levels in a magnetic field [16]; as far as their
topological classification is concerned, Chern bands and
Landau levels are equivalent [17]. To a large extent, it is
this equivalence, and its implications for properties such
as edge state spectrum and Hall conductance quantiza-
tion [18], which has motivated and driven much of the
research on Chern insulating phases. Furthermore, the
connection to Landau levels has been successfully ex-
ploited to, for instance, address the effect of electronic
interactions in partially filled Chern bands, and thereby
explore the possibility of realizing correlated liquid states
akin to fractional quantum Hall states without magnetic
field [19–22]. Here we take a rather different, and in
some sense contrary, perspective on Chern insulators, by
focusing not on isolated Chern bands but instead on the
band inversion transition to the Chern insulating state.
Notably, the low-energy description of such transition,
which can be viewed as a higher angular momentum gen-
eralization of a Dirac fermion transition, exposes a con-
nection to the BCS theory of paired states of fermions in
two dimensions [1]. In particular, this connection, which
was previously recognized in the context p + ip pairing
phases [23], suggests that the transition to a Chern in-
sulator phase can be phrased in terms of pairing of elec-
trons and holes—rather than pairs of electrons. One of
our aims is to examine this connection in more detail.
We are further motivated by the broader aim to find
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2many-body generalizations of band inversion transitions.
In the search for such many-body generalizations higher
angular momentum band inversions are of particular in-
terest since the bands disperse quadratically at the crit-
ical point of the transition (i.e., when the gap closes and
the bands touch, see Fig. 1). This property, which is pro-
tected by rotation symmetry, leads to a non-vanishing
density of states and implies that—in contrast to band
inversion transitions described by a Dirac fermion—
interactions are likely to affect the nature of the band
inversion [24–31].
In previous work [31] we have argued that, given the
importance of interactions, higher angular momentum
band inversions provide a promising route towards cor-
related fluids of electrons and holes. This argument is
based on the pairing formulation of the Chern band in-
version and was encouraged by the well-established con-
nections between pairing states and fractional quantum
Hall wave functions [1]. In this work we focus attention
on a second possibility for a correlation-driven phase in
the vicinity of the band inversion: the excitonic insula-
tor [32]. The excitonic insulator is defined by the conden-
sation of electrons and holes into exciton bound states,
which can be called excitonic pairing, and is associated
with rotation symmetry breaking.
To study higher angular momentum band inversions
in this paper, we take the following approach. After in-
troducing such band inversions from a low-energy per-
spective (Sec. II), we first construct a class of simple
lattice models which realize higher angular momentum
band inversions (Sec. III). In this way we take a first
step towards identifying material systems in which such
band inversions may be observed. We then consider the
effect of interactions and address the mean field theory
of the excitonic insulator (Sec. IV). In doing so, we will
demonstrate that important insight can be gained into
the structure of Chern insulators with higher Chern num-
ber [33–37] (Sec. IV B). In particular, by studying the
transition between the excitonic insulator and the Chern
insulator we are able to demonstrate, without making any
reference to Landau levels, that the higher Chern num-
ber C = m insulator can be viewed as an m-component
C = 1 insulator (Sec. IV C). We conclude by describing
time-reversal invariant generalizations of higher angular
momentum band inversion (Sec. V).
II. BAND INVERSIONS AND CHERN
INSULATORS
We begin by introducing a low-energy theory for band
inversion transitions which signal a change of the Chern
number index. To describe a band inversion of this type
it is sufficient to consider two bands and we thus consider
a system with a filled valence band and an empty con-
duction band, which we study in the vicinity of a band
inversion at k = 0. We define the annihilation operators
of the conductions band and valance band states as cke
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FIG. 1. Band inversion transition with higher angu-
lar momentum. A band inversion transition with higher
angular momentum in two dimensions separates a trivial in-
sulating phase (A) from a topological Chern insulating phase
(C) with higher Chern number. At the critical point, shown
in (C), the band dispersion is quadratic, in sharp contrast to
band inversion transitions described by a Dirac fermion, for
which it is linear. The non-vanishing density of states of the
former makes interaction effects relevant, making higher an-
gular momentum band inversions promising venues for many-
body generalizations of topological band inversion transitions.
and ckh, respectively, and collect them in the spinor
ψk =
(
cke
ckh
)
. (1)
Note that the choice of vacuum (i.e., a filled valence
band) implies that ckh creates holes in the valence band
and can be viewed as a creation operator with respect
to the vacuum. In this sense, ψk may be compared to a
Nambu spinor of electrons and holes. In terms of ψk and
ψ†k the Hamiltonian can be expressed as
H =
∑
k
ψ†khkψk, hk =
(
εk ∆k
∆∗k −εk
)
. (2)
Here εk describes the dispersion of the conduction and
valence band close to the band inversion at k = 0. To
lowest order in momentum the dispersion takes the form
εk = k
2/2m∗ − δ, where m∗ is an effective mass and δ
is the energy difference between the two bands, which
determines whether the bands are inverted (δ > 0) or
have normal band ordering (δ < 0). This is schematically
shown in Fig. 1, where (A) corresponds to the uninverted
regime and (C) corresponds to the inverted regime.
It is important to note that δ is not determined or con-
strained by symmetry. This should be contrasted with
systems exhibiting a symmetry-protected degeneracy of
two bands at k = 0, in which case δ represents a gap
opening associated with breaking a symmetry [24]. Here,
on the other hand, we consider a transition between two
phases with the same symmetry but different topology.
Further observe that the inverted regime δ > 0 leads to
the notion of an electron-hole Fermi surface defined by
the condition εk = 0 and the wave vector kF =
√
2m∗δ.
The coupling of the electron and hole bands is given
by ∆k and is constrained by the symmetry properties of
3the electron and hole bands. In this work we focus on
a class of band inversion Hamiltonians hk for which the
function ∆k describing the coupling of bands is chiral and
characterized by definite nonzero angular momentum l.
Such couplings with angular momentum l can expressed
in the general form
∆k = ∆(kx + κiky)
|l|, (3)
where ∆ is the strength of the coupling (which may be
complex) and κ = sgn(l). With ∆k given by Eq. (3)
it is straightforward to see that the energy spectrum of
hk, which consists of two branches ±Ek with Ek = (ε2k+
|∆k|2)1/2, has a full energy gap except for the special case
δ = 0. This shows that δ controls the transition between
two gapped phases with different topological character,
as we now explain.
The form of (3) combined with the form of Eq. (2)
suggests a formal connection to the BCS theory of chiral
superconductors in two dimensions [1, 38]. In the latter
case, ∆k corresponds to the pairing potential and is asso-
ciated with the breaking of U(1) charge conservation. In
this sense, the class of systems we consider here is very
different, since all terms present in the Hamiltonian of
Eq. (2), including ∆k, represent symmetry-allowed cou-
plings between single-particle states. In particular, the
number of conduction band electrons and valence band
holes is not separately conserved. Given the absence of
a broken symmetry one might compare the “pairing” of
particles and holes described by Eq. (2) to proximitized
superconductors [31].
The formal connection of Eq. (2) to chiral supercon-
ductors can nevertheless be fruitfully exploited for the
purpose of analyzing the ground state wavefunction and
its properties. A gapped chiral superconductor in two
dimensions with angular momentum l is known to have
a topological ground state characterized by a nonzero
Chern number C = l [1]. This leads to the conclusion
that hk with ∆k given by (3) describes a band inversion
transition from a trivial insulator to a Chern insulator
with Chern number C = l. These two insulating phases
are separated by a gap closing at δ = 0 (depicted in Fig. 1
B), with δ > 0 corresponding to the Chern insulator, as
shown in Fig. 1 (C). Following the work of Read and
Green [1] the ground state of Eq. (2) can be expressed
in the form
|Φ〉 =
∏
k
(uk + vkc
†
keckh)|Ω〉 ∝ e
∑
k gkc
†
keckh |Ω〉, (4)
where uk and vk are solutions to the equations (εk +
Ek)vk + ∆kuk = 0 and ∆
∗
kvk + (Ek − εk)uk = 0 with
constraint |uk|2+|vk|2 = 1, and |Ω〉 is the vacuum defined
by a filled valence band and empty conduction band (see
Appendix A). The ground state |Φ〉 describes a Chern
insulating phase defined by a “condensate” of electrons
and holes with nonzero angular momentum l. The topol-
ogy of the many-body wavefunction is encoded in pair
correlation function g(r) =
∫
d2k gke
−ik·r/(2pi)2 with
gk = vk/uk. In Sec. IV we study the pair correlation
function in more detail and discuss its connection to the
lattice models introduced in Sec. III.
To address the question how a band inversion of the
type defined by Eqs. (2) and (3) can arise, and, in par-
ticular, which model systems can describe higher Chern
number transitions, it is helpful consider the symmetry
properties of ∆k. Since ∆k is chiral and carries nonzero
angular momentum, it can arise when time-reversal and
vertical reflection symmetry are both broken. Further-
more, definite angular momentum implies that the form
of ∆k is constrained by rotational symmetry. To see this,
consider the case l = −m, where m is a positive integer.
The Hamiltonian hk can be expressed as
hk = εkτz + ∆(k
m
+ τ− + k
m
− τ+), (5)
where τx,y,z are Pauli matrices and we have defined τ± =
(τx ± iτy)/2 as well as k± = kx ± iky. Under rotations
by an angle θ one has km± → eimθkm± and, as a result,
one must have τ± → eimθτ± for hk to be invariant under
rotations. We may formulate this in real space by noting
that the Hamiltonian takes the form
h = τz(−∂2 − δ) + ∆ [τ−(∂z∗/i)m + τ+(∂z/i)m] , (6)
where ∂z,z∗ = ∂x ∓ i∂y. Invariance under rotations im-
plies that the Hamiltonian commutes with the angular
momentum operator Lz (i.e., the generator of rotations).
To satisfy [h, Lz] = 0 Lz must have the form
Lz = z∂z − z∗∂z∗ + m
2
τz, (7)
where z = x + iy. This leads to the conclusion that the
electron and hole bands must have relative angular mo-
mentum m, i.e., their rotation symmetry quantum num-
bers must differ by m. It this conclusion which provides
the basis for the construction of the lattice models in the
next section.
Before we come to a discussion of such models, how-
ever, two remarks are in order. First, since the dispersion
of the electron and hole band is chosen as ±εk, Eq. (2)
has a particle-hole symmetry given by e↔ h and l→ −l.
While a convenient starting point for analysis, this is a
non-essential assumption and in general one expects this
symmetry to be broken by the different band curvature
of electron and hole bands. Second, to ensure that the
topology of hk is well-defined for |l| > 1, i.e., that hk is
un-inverted at k → ∞, higher order terms in k2 should
be added to εk.
III. LATTICE MODELS FOR CHERN BAND
INVERSIONS
In this section we present a construction of simple lat-
tice models which realize band inversion transitions to
Chern insulators with Chern number C = l, where l is
the angular momentum of the band coupling ∆k defined
4in Eq. (3). As demonstrated in the previous section,
the constituent degrees of freedom of such models are re-
quired to have nonzero relative angular momentum and
thus transform nontrivially under the symmetry group
of the lattice. Since symmetry plays a central role, we
begin by reviewing the generic symmetry properties of
Chern insulators and Chern bands and then survey the
point symmetry groups compatible with the symmetry
requirements of higher angular momentum band inver-
sions.
Note first that the existence of a Chern insulating state
requires broken time-reversal (T ) and mirror (M) sym-
metry, which follows directly from the transformation
property of the Berry curvature under T and M sym-
metry [39]. Here M is a reflection with respect to a ver-
tical mirror plane which inverts one of the coordinates,
e.g., (x, y) → (x,−y). Broken T and M is consistent
with the chiral nature of nonzero angular momentum ex-
citonic pairing described by Eq. (3). When the system
has multiple inequivalent vertical mirror planes all these
reflection symmetries must be broken. As a result, in
what follows broken M symmetry should be understood
as the absence of all vertical mirror symmetry. A simi-
lar result holds for twofold rotations about an axis in the
plane, as the Berry curvature is odd under such rotations.
Chern insulators are compatible with rotation symme-
try and our aim is to construct Chern insulator mod-
els which preserve the rotation symmetry of the lattice,
or, more appropriately, to construct models which ex-
hibit maximal rotation symmetry. The discrete symme-
try of the crystal lattice sets limits for rotation invari-
ance: in lattice systems with an n-fold rotation symme-
try Cn=2,3,4,6 angular momentum l is only defined modn.
As a result, the largest possible angular momentum that
can be distinguished is l = ±3, which implies that the
construction of lattice models for excitonic Chern insula-
tors is limited to C = ±3.
In the context of rotationally invariant Chern insulat-
ing phases it is worth noting that the relation between the
Chern number and angular momentum is also reflected
in the fact that the Chern number can be obtained from
energy band rotation eigenvalues at rotation invariant
momenta (up to multiples of n) [15].
Next, we examine the crystallographic point groups
which may in principle support Chern insulating states
with rotation symmetry. Since we consider layer systems
with a two-dimensional lattice the appropriate symme-
try groups are axial point groups. Admissible symmetry
groups are those which leave an angular momentum l
along the z axis invariant and allow to distinguish dif-
ferent values of l. Consider first the hexagonal groups.
There are three groups which satisfy the first condition:
C6, C6h, and C3h. The latter, however, only allows to
distinguish l = ±1 and is not of interest. Of the trigo-
nal point groups only C3 and C3i = S6 are compatible
with chiral pairing along the z axis. Since S6 includes
an inversion s-wave and f -wave angular momenta have
distinct symmetry. In systems with tetragonal symmetry
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FIG. 2. Symmetry of orbital states. Graphical repre-
sentation of the symmetry of the orbital degrees of freedom
with integral angular momentum l = 1, 2, 3. The p-, d-, and
f -wave states form the basis of the Chern insulator models of
Sec. III A.
we can only hope to distinguish angular momenta up to
l = ±2. Of the groups which preserve angular momen-
tum along z, given by C4, C4h, and S4, all are sufficient
to protect l = ±2 pairing.
To summarize, the symmetry groups of interest are:
C6 and C6h (hexagonal); S6 (trigonal); C4, C4h, and
S4 (tetragonal). With this knowledge we now introduce
models for systems in these symmetry classes. Our con-
struction is based on the two-dimensional square and tri-
angular lattices with local orbital degrees of freedom at
each site.
A. Orbital angular momentum models
1. The square lattice
We first focus on the square lattice. Since the square
lattice has C4 rotation symmetry angular momentum can
be distinguished up to l = ±2. As a result, the square
lattice can support models for band inversion transitions
up to Chern number C = ±2. To obtain such models
it is natural to choose on-site orbital degrees of freedom
with relative angular momentum ±2. We thus consider
s-wave and dxy-wave orbitals and define sk and dk as the
electron annihilation operators corresponding to the s-
and d-wave states. (The symmetry of the higher angular
momentum orbitals is shown in Fig. 2.) We write the
Hamiltonian H for this two-band system as
H =
∑
k
ϕ†khkϕk, ϕk =
(
sk
dk
)
, (8)
where the Hamiltonian matrix hk may be expanded in
Pauli matrices τx,y,z.
As outlined in the beginning of this section, the form of
hk is determined by the symmetry requirements of a C4
symmetric Chern insulator and symmetry of the s- and
d-wave states. An elegant and simple way to derive the
form of hk is to formulate the allowed couplings in terms
of lattice harmonic functions, which may be viewed as
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(B)
<latexit sha1_base64="gPFIB2 Mx4wTtE2xe0rr20stySUw=">AAAB8HicbVBNSwMxEJ34WetX1aOXYB HqpeyKoMdSLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegr Q8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGL dCYlhgivWtNwK1kk0IzIUrB2Ob2d++4lpw2P1YCcJCyQZKh5xSqyTHi tZL4xwfXrRL5W9qjcHXiV+TsqQo9EvffUGMU0lU5YKYkzX9xIbZERb TgWbFnupYQmhYzJkXUcVkcwE2fzgKT53ygBHsXalLJ6rvycyIo2ZyNB 1SmJHZtmbif953dRGN0HGVZJapuhiUZQKbGM8+x4PuGbUiokjhGrub sV0RDSh1mVUdCH4yy+vktZl1feq/v1VuVbP4yjAKZxBBXy4hhrcQQO aQEHCM7zCG9LoBb2jj0XrGspnTuAP0OcPpWCPow==</latexit><latexit sha1_base64="gPFIB2 Mx4wTtE2xe0rr20stySUw=">AAAB8HicbVBNSwMxEJ34WetX1aOXYB HqpeyKoMdSLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegr Q8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGL dCYlhgivWtNwK1kk0IzIUrB2Ob2d++4lpw2P1YCcJCyQZKh5xSqyTHi tZL4xwfXrRL5W9qjcHXiV+TsqQo9EvffUGMU0lU5YKYkzX9xIbZERb TgWbFnupYQmhYzJkXUcVkcwE2fzgKT53ygBHsXalLJ6rvycyIo2ZyNB 1SmJHZtmbif953dRGN0HGVZJapuhiUZQKbGM8+x4PuGbUiokjhGrub sV0RDSh1mVUdCH4yy+vktZl1feq/v1VuVbP4yjAKZxBBXy4hhrcQQO aQEHCM7zCG9LoBb2jj0XrGspnTuAP0OcPpWCPow==</latexit><latexit sha1_base64="gPFIB2 Mx4wTtE2xe0rr20stySUw=">AAAB8HicbVBNSwMxEJ34WetX1aOXYB HqpeyKoMdSLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegr Q8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGL dCYlhgivWtNwK1kk0IzIUrB2Ob2d++4lpw2P1YCcJCyQZKh5xSqyTHi tZL4xwfXrRL5W9qjcHXiV+TsqQo9EvffUGMU0lU5YKYkzX9xIbZERb TgWbFnupYQmhYzJkXUcVkcwE2fzgKT53ygBHsXalLJ6rvycyIo2ZyNB 1SmJHZtmbif953dRGN0HGVZJapuhiUZQKbGM8+x4PuGbUiokjhGrub sV0RDSh1mVUdCH4yy+vktZl1feq/v1VuVbP4yjAKZxBBXy4hhrcQQO aQEHCM7zCG9LoBb2jj0XrGspnTuAP0OcPpWCPow==</latexit><latexit sha1_base64="gPFIB2 Mx4wTtE2xe0rr20stySUw=">AAAB8HicbVBNSwMxEJ34WetX1aOXYB HqpeyKoMdSLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegr Q8GHu/NMDMvTAQ31vO+0dr6xubWdmGnuLu3f3BYOjpumTjVlDVpLGL dCYlhgivWtNwK1kk0IzIUrB2Ob2d++4lpw2P1YCcJCyQZKh5xSqyTHi tZL4xwfXrRL5W9qjcHXiV+TsqQo9EvffUGMU0lU5YKYkzX9xIbZERb TgWbFnupYQmhYzJkXUcVkcwE2fzgKT53ygBHsXalLJ6rvycyIo2ZyNB 1SmJHZtmbif953dRGN0HGVZJapuhiUZQKbGM8+x4PuGbUiokjhGrub sV0RDSh1mVUdCH4yy+vktZl1feq/v1VuVbP4yjAKZxBBXy4hhrcQQO aQEHCM7zCG9LoBb2jj0XrGspnTuAP0OcPpWCPow==</latexit>
(C)
<latexit sha1_base64="Z2MGYkP+3z2sz6nhlTFfpoeld+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMdgLh4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1 Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Whcn/ntJ6oNU/LBThIaCjyULGYEWyc9VrJeFKP69KJfKvtVfw60SoKclCFHo 1/66g0USQWVlnBsTDfwExtmWFtGOJ0We6mhCSZjPKRdRyUW1ITZ/OApOnfKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauObMGMySS2VZL EoTjmyCs2+RwOmKbF84ggmmrlbERlhjYl1GRVdCMHyy6ukdVkN/Gpwf1Wu3eZxFOAUzqACAVxDDe6gAU0gIOAZXuHN096L9+59LFrXvHzmBP7 A+/wBpuaPpA==</latexit><latexit sha1_base64="Z2MGYkP+3z2sz6nhlTFfpoeld+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMdgLh4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1 Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Whcn/ntJ6oNU/LBThIaCjyULGYEWyc9VrJeFKP69KJfKvtVfw60SoKclCFHo 1/66g0USQWVlnBsTDfwExtmWFtGOJ0We6mhCSZjPKRdRyUW1ITZ/OApOnfKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauObMGMySS2VZL EoTjmyCs2+RwOmKbF84ggmmrlbERlhjYl1GRVdCMHyy6ukdVkN/Gpwf1Wu3eZxFOAUzqACAVxDDe6gAU0gIOAZXuHN096L9+59LFrXvHzmBP7 A+/wBpuaPpA==</latexit><latexit sha1_base64="Z2MGYkP+3z2sz6nhlTFfpoeld+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMdgLh4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1 Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Whcn/ntJ6oNU/LBThIaCjyULGYEWyc9VrJeFKP69KJfKvtVfw60SoKclCFHo 1/66g0USQWVlnBsTDfwExtmWFtGOJ0We6mhCSZjPKRdRyUW1ITZ/OApOnfKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauObMGMySS2VZL EoTjmyCs2+RwOmKbF84ggmmrlbERlhjYl1GRVdCMHyy6ukdVkN/Gpwf1Wu3eZxFOAUzqACAVxDDe6gAU0gIOAZXuHN096L9+59LFrXvHzmBP7 A+/wBpuaPpA==</latexit><latexit sha1_base64="Z2MGYkP+3z2sz6nhlTFfpoeld+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMdgLh4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1 Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Whcn/ntJ6oNU/LBThIaCjyULGYEWyc9VrJeFKP69KJfKvtVfw60SoKclCFHo 1/66g0USQWVlnBsTDfwExtmWFtGOJ0We6mhCSZjPKRdRyUW1ITZ/OApOnfKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauObMGMySS2VZL EoTjmyCs2+RwOmKbF84ggmmrlbERlhjYl1GRVdCMHyy6ukdVkN/Gpwf1Wu3eZxFOAUzqACAVxDDe6gAU0gIOAZXuHN096L9+59LFrXvHzmBP7 A+/wBpuaPpA==</latexit>
(D)
<latexit sha1_base64="tRNPXkaTrbCtLwJdObTlRXfOG+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegHjxGMA9JljA7mU2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1j s7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMkHO05oKPBAspgRbJ30WMm6UYxuJ2e9Utmv+jOgZRLkpAw56 r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZgdP0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJP NFccqRVWj6PeozTYnlY0cw0czdisgQa0ysy6joQggWX14mzfNq4FeD+4ty7TqPowDHcAIVCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/A H3ucPqGyPpQ==</latexit><latexit sha1_base64="tRNPXkaTrbCtLwJdObTlRXfOG+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegHjxGMA9JljA7mU2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1j s7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMkHO05oKPBAspgRbJ30WMm6UYxuJ2e9Utmv+jOgZRLkpAw56 r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZgdP0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJP NFccqRVWj6PeozTYnlY0cw0czdisgQa0ysy6joQggWX14mzfNq4FeD+4ty7TqPowDHcAIVCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/A H3ucPqGyPpQ==</latexit><latexit sha1_base64="tRNPXkaTrbCtLwJdObTlRXfOG+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegHjxGMA9JljA7mU2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1j s7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMkHO05oKPBAspgRbJ30WMm6UYxuJ2e9Utmv+jOgZRLkpAw56 r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZgdP0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJP NFccqRVWj6PeozTYnlY0cw0czdisgQa0ysy6joQggWX14mzfNq4FeD+4ty7TqPowDHcAIVCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/A H3ucPqGyPpQ==</latexit><latexit sha1_base64="tRNPXkaTrbCtLwJdObTlRXfOG+w=">AAA B8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegHjxGMA9JljA7mU2GzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1j s7BV3N7Z3dsvHRw2jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMkHO05oKPBAspgRbJ30WMm6UYxuJ2e9Utmv+jOgZRLkpAw56 r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZgdP0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJP NFccqRVWj6PeozTYnlY0cw0czdisgQa0ysy6joQggWX14mzfNq4FeD+4ty7TqPowDHcAIVCOASanAHdWgAAQHP8ApvnvZevHfvY9664uUzR/A H3ucPqGyPpQ==</latexit>
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FIG. 3. Square lattice model. Panel (A) shows the two-
orbital square lattice model introduced in Eq. (13), with inter-
orbital nearest neighbor hopping (∆1) and next-nearest neigh-
bor (∆2) hopping. The onsite orbitals with s- and d-wave
symmetry are represented by (superimposed) black and red
dots. Shown is also the real space structure of the inter-orbital
hoppings defined in Eq. (12) and described by the square lat-
tice harmonics λd1k and λ
d1
k of Eq. (10). (B), (C), and (D)
show the spectrum of the square lattice model in the inverted
regime, at the critical point, and in the normal regime, re-
spectively. As parameters we chose δ = 0.4t, 0,−0.4t and
(∆1,∆2) = (0.4t, 0.4t).
lattice analogs of spherical harmonics and describe hop-
pings with distinct symmetry. As an example, the (lowest
order) s-wave harmonic λsk given by
λsk = cos kx + cos ky, (9)
corresponds to the standard nearest neighbor hopping.
Note that due to the discrete symmetry of a lattice the
lattice harmonics are labeled by the finite set of point
group representations (see Table I). The two d-wave har-
monics with dx2−y2 and dxy symmetry are given by
λd1k = cos kx − cos ky, λd2k = sin kx sin ky, (10)
and the p-wave harmonics are given by (λp1k , λ
p2
k ) =
(sin kx, sin ky). The symmetry properties and the point
group labels of the lattice harmonics are summarized in
Table I and are shown schematically in Fig. 2.
Using the symmetry of the orbital basis states and
the lattice harmonics it is straightforward to construct
a Hamiltonian H which satisfies all symmetry require-
ments and has a gapped ground state. We write the H
as a sum of two parts Hδ and H∆. Here Hδ describes
both nearest neighbor intra-orbital hopping and an en-
ergy splitting εs − εd of the s and d states, and H∆ de-
scribes the (inter-orbital) couplings between the s and d
states. The splitting between the s and d states is con-
veniently parametrized as εs− εd = 2t− δ, where t is the
nearest neighbor hopping parameter; Hδ then takes the
form
Hδ =
∑
k
(2t− δ − tλsk)(s†ksk − d†kdk). (11)
Symmetry Lattice Square Hexagonal
harmonics (D4h) (D6h)
s λsk A1g A1g
px, py λ
p1
k , λ
p2
k Eu E1u
dx2−y2 , dxy λ
d1
k , λ
d2
k B1g, B2g E2g
fx3−3xy2 , fy3−3yx2 λ
f1
k , λ
f2
k Eu B1u, B2u
TABLE I. Symmetry of angular momentum states. Ta-
ble summarizing the point group symmetry properties of an-
gular momentum basis functions on the square and hexagonal
lattices with (axial) point groups D4h and D6h, respectively.
These groups are the maximal symmetry groups of a two-
dimensional layer. Second column lists the lattice harmonics
with given symmetry. Final two columns lists the symmetry
quantum numbers.
The structure of H∆ follows from the observation that
d†ksk transforms as a dxy wave. The simplest rotationally
invariant but T - and M -broken coupling then takes the
form
H∆ =
∑
k
(i∆1λ
d1
k + ∆2λ
d2
k )d
†
ksk + H.c., (12)
where ∆1,2 are both real and the relative phase is respon-
sible for broken T . Combining these two terms we arrive
at the form of hk given by
hk = εkτz + ∆1λ
d1
k τy + ∆2λ
d2
k τx, (13)
where we defined εk = 2t − δ − tλsk. The square lattice
model defined by (13) is shown pictorially in Fig. 3 (A).
It is straightforward to verify that hk has a gapped
spectrum for nonzero (δ,∆1,∆2) and supports Chern
bands with C = ±2 for 4t > δ > 0. The parameter δ
can be directly identified with the band inversion param-
eter of Eq. (2). The spectrum of (13) is shown in Fig. 3
(B)–(D), corresponding to the inverted regime (δ > 0),
the critical point (δ = 0), and the normal regime (δ < 0).
A more detailed analysis of Eq. (13) from the perspective
of Eq. (2) will be presented below.
2. The triangular lattice
Next, we turn to the triangular lattice, which has six-
fold rotation symmetry and allows to resolve angular mo-
mentum up to l = ±3. We introduce s-wave and f -wave
states as on-site orbital degree of freedom and define the
corresponding electron (annihilation) operator as
ϕk =
(
sk
fk
)
. (14)
As there are two symmetry-distinct f waves, we fix the
symmetry by declaring that f†k creates electrons in a
fx3−3xy2 orbital state, see Fig. 2.
6To determine the form of the Hamiltonian hk on the
triangular lattice we must first specify the triangular lat-
tice harmonics. To this end it is helpful to define the
three lattice vectors ai=1,2,3 as
ai =
(
cos θi
sin θi
)
, θi = (i− 1)2pi
3
. (15)
The symmetric s-wave harmonic then takes the form
λsk =
∑3
i=1 cos ki, where ki = k · ai. The two lowest
order symmetry-distinct f -wave harmonics are given by
λf1k =
3∑
i=1
sin ki, λ
f2
k =
1
3
√
3
3∑
i=1
sin(ki − ki+1), (16)
where the latter corresponds to next-nearest neighbor
coupling (the proportionality constant is chosen for con-
venience). The f waves f1 and f2 are identified with
fx3−3xy2 and fy3−3yx2 , respectively. In systems with
hexagonal symmetry both the p waves (λ
p+
k , λ
p−
k ) and
the d waves (λ
d+
k , λ
d−
k ) are degenerate, i.e., they form
partners of a two-dimensional representation. Expressed
in the chiral basis p± = px± ipy and d± = dx2−y2 ± idxy,
the triangular lattice p- and d-waves harmonics take the
form
λ
p+
k =
3∑
i=1
ωi−1 sin ki, λ
d+
k =
3∑
i=1
ω1−i cos ki, (17)
with ω = e2pii/3 and λ−k = (λ
+
k )
∗. Note that the px,y
waves (λp1k , λ
p2
k ) are simply obtained via the relation
λ
p±
k = λ
p1
k ± iλp2k , and similarly for the d waves.
Given the triangular lattice harmonics and their sym-
metry properties, we directly obtain the triangular lattice
analog of Eq. (13) given by
hk = εkτz + ∆1λ
f1
k τy −∆2λf2k τx. (18)
Here we have defined the difference of on-site energies
εs − εf as 3t− δ and εk = 3t− δ − tλsk, where t denotes
ordinary nearest neighbor hopping. The invariance of hk
under C6 rotations of follows directly from the symmetry
of the f -waves couplings. This may be seen, for instance,
from Fig. 2. Since the f -wave harmonics are odd func-
tion of k, the second term in Eq. (18) is invariant under
T , whereas the third term breaks both T and M . A
schematic representation of the triangular lattice model
of (18), in particular the inter-orbital hoppings described
by ∆1,2, is shown in Fig. 4 (A). For nonzero (δ,∆1,∆2)
the spectrum of hk has a full energy gap and the two non-
degenerate bands are Chern bands with C = ±3 when
4t > δ > 0. A plot of the energy bands in the inverted
regime, δ = 0.5t, is shown in Fig. 4 (B). Note that the
gap is proportional to δ3/2. Below, in Sec. III A 4, we
discuss the low-energy limit of the transition as function
of δ in more detail.
In addition to the triangular lattice model with C =
±3 bands, it is straightforward to construct a triangular
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 
<latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpgi6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6U dpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bNeEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTgru48jJp1aquU3Vvz8r1y7y OIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit><latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpgi6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6U dpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bNeEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTgru48jJp1aquU3Vvz8r1y7y OIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit><latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpgi6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6U dpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bNeEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTgru48jJp1aquU3Vvz8r1y7y OIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit><latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpgi6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6U dpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bNeEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTgru48jJp1aquU3Vvz8r1y7y OIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit>
 
<latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpg i6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6Udpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bN eEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTg ru48jJp1aquU3Vvz8r1y7yOIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit><latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpg i6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6Udpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bN eEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTg ru48jJp1aquU3Vvz8r1y7yOIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit><latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpg i6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6Udpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bN eEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTg ru48jJp1aquU3Vvz8r1y7yOIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit><latexit sha1_base64="RBSw9Qh1JZUQMTNrbAEqvQ0psO0=">AAACBnicbVDLSgMxFM3UV62vUZciBEvBVZkpg i6LLnRZwT6gHYc7aaYNTWaGJCOUoSs3/oobF4q49Rvc+Tem7Sy09UDgcM65Se4JEs6Udpxvq7Cyura+UdwsbW3v7O7Z+wctFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28Hoauq3H6hULI7u9DihnoBBxEJGQBvJt48rPW7SfbjPQr828bN eEOLRpNS7BiHAt8tO1ZkBLxM3J2WUo+HbX71+TFJBI004KNV1nUR7GUjNCKfm2lTRBMgIBrRraASCKi+brTHBFaP0cRhLcyKNZ+rviQyEUmMRmKQAPVSL3lT8z+umOrzwMhYlqaYRmT8UphzrGE87wX0mKdF8bAgQycxfMRmCBKJNcyVTg ru48jJp1aquU3Vvz8r1y7yOIjpCJ+gUuegc1dENaqAmIugRPaNX9GY9WS/Wu/UxjxasfOYQ/YH1+QMxZphL</latexit>
K
<latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit><latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit><latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit><latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit>
M
<latexit sha1_base64="2nVroxrkt6ieAdBTICT5edGNYT4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdONGqGAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9VzJYn</latexit><latexit sha1_base64="2nVroxrkt6ieAdBTICT5edGNYT4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdONGqGAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9VzJYn</latexit><latexit sha1_base64="2nVroxrkt6ieAdBTICT5edGNYT4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdONGqGAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9VzJYn</latexit><latexit sha1_base64="2nVroxrkt6ieAdBTICT5edGNYT4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJE XRZdONGqGAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/xm4ed uEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJKl2bqEpzFk 5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9VzJYn</latexit>
(A)
<latexit sha1_base64="4LULjoDuROsrNApyX1ZlMg79xBE=">AAAB8HicbVDLSgNBEOz1GeMr6t HLYBDiJeyKoMeoF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCj yQLGYEWyc9VrJuFKPryVmvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZ p+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg/qJcu8njKMAxnEAFAriEGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDo9qPog==</latexit><latexit sha1_base64="4LULjoDuROsrNApyX1ZlMg79xBE=">AAAB8HicbVDLSgNBEOz1GeMr6t HLYBDiJeyKoMeoF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCj yQLGYEWyc9VrJuFKPryVmvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZ p+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg/qJcu8njKMAxnEAFAriEGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDo9qPog==</latexit><latexit sha1_base64="4LULjoDuROsrNApyX1ZlMg79xBE=">AAAB8HicbVDLSgNBEOz1GeMr6t HLYBDiJeyKoMeoF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCj yQLGYEWyc9VrJuFKPryVmvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZ p+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg/qJcu8njKMAxnEAFAriEGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDo9qPog==</latexit><latexit sha1_base64="4LULjoDuROsrNApyX1ZlMg79xBE=">AAAB8HicbVDLSgNBEOz1GeMr6t HLYBDiJeyKoMeoF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCj yQLGYEWyc9VrJuFKPryVmvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZ p+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ87wa+NXg/qJcu8njKMAxnEAFAriEGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kDo9qPog==</latexit>
(B)
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FIG. 4. Triangular lattice model. Panel (A) shows two-
orbital triangular lattice model introduced in Eq. (18), with
inter-orbital nearest neighbor hopping (∆1) and next-nearest
neighbor hopping (∆2). In case of the triangular lattice,
the onsite orbitals have s- and f -wave symmetry, and the
real space structure of the inter-orbital hopping, described
by the lattice harmonics λf1k and λ
f1
k , is schematically shown
on the right. (B) Spectrum of the triangular lattice model
in the inverted regime, i.e., δ = 0.5t > 0, for the parame-
ters (∆1,∆2) = (1.5t, 1.5t). In inset shows the Brillouin zone
path.
lattice model with C = ±2 bands. This is achieved by
considering s-orbital and d-orbital states as local degrees
of freedom, and since the two d-wave states (dx2−y2 , dxy)
are degenerate both should be included a priori. Consider
the following model describing the coupling of s and d
states, where dk1,2 annihilate electrons with dx2−y2,xy-
orbital symmetry:
H =
∑
k
εk(s
†
ksk − d†kαdkα) + Ω
∑
k
d†k−dk−
+
∑
k
∆(λ
d+
k s
†
kdk− + λ
d−
k s
†
kdk+) + H.c. (19)
Once more we have defined εk = 3− λsk + δ and the op-
erators dk± = dk1 ± idk2 correspond to the chiral basis
of the d-wave states; a sum over α = 1, 2 is implied. Ob-
serve that the term proportional to ∆, which couples the
s- and d-states, is fully invariant under rotations. Fur-
thermore, it is invariant under T and M . The second
term, on the other hand, which is proportional to Ω and
energetically splits chiral d-waves, breaks T and M sym-
metry. We may choose this energy scale to be positive
and very large, i.e., Ω 1, and project out the dk− states
to obtain an effective model for the s and d+ states. Note
that projecting out the dk− states is consistent with C6
symmetry and broken T and M symmetry. The reduced
two-band model can the expressed in the form of (8) with
hk given by
hk = εkτz + ∆λ
d−
k τ+ + ∆
∗λd+k τ−, (20)
7where τ± ≡ (τx ± iτy)/2. This Hamiltonian describes a
transition as function of δ from a trivial insulator to a
Chern insulator with C = ±2 on the triangular lattice.
Note that, contrary to Eq. (18) or (13), there is only one
parameter ∆ describing the coupling of s- and d-states,
which is due to C6 symmetry.
Clearly, by simply making the replacement d → p in
Eq. (19) this construction directly applies to states with
p-wave symmetry, in which case one obtains a C = ±1
Chern insulator model. Furthermore, the p-wave model
is easily generalized to the square lattice using the square
lattice harmonics [40], leading to the spinless (and lattice-
regularized) Bernevig-Hughes-Zhang (BHZ) model [2].
3. The honeycomb lattice
Up to this point, we have considered onsite orbital de-
grees of freedom with nonzero angular momentum. This
might suggest that the models introduced here require
higher angular momentum atomic-like states (see Fig. 2)
at sites of the crystal lattice. In fact, our construction is
more general, and also applies to cases for which effective
higher angular momentum states arise as a result of the
structure of the unit cell. More specifically, in crystal
lattices with a nontrivial unit cell, i.e., a unit cell con-
taining multiple atoms which map to each other under
symmetry operations, one can form symmetrized states
within the unit cell. These symmetrized states trans-
form nontrivially under the symmetry group in a way
that is equivalent to nonzero angular momentum states.
Therefore, the orbital states shown in Fig. 2 should be
understood in a more general sense as states of a specific
symmetry type, rather than atomic orbitals.
To illustrate this with an example, we now consider
a simple honeycomb lattice model for spinless electrons.
The honeycomb lattice, which has a triangular Bravais
lattice, consists of two (triangular) sublattices, the A and
B sublattice, and we define the corresponding electron
operators as ak and bk. As before, we collect these in a
spinor
ϕk =
(
ak
bk
)
. (21)
The Hamiltonian H is defined as H =
∑
k ϕ
†
khkϕk with
hk given by
hk = (tφk − t′φ′k)τ+ + (tφ∗k − t′φ′∗k )τ− + tHλf1k τz. (22)
Here φk is a honeycomb lattice harmonic describing near-
est neighbor hopping and is defined as φk =
∑
i e
ik·di ,
where di=1,2,3 are the three nearest neighbor bond vec-
tors di=1,2,3 = (sin θi, cos θi)
T /
√
3. [The angles θi=1,2,3
are the same as in Eq. (15).] Furthermore, the honey-
comb lattice harmonic φ′k =
∑
i e
−2ik·di describes third
nearest neighbor hopping across a hexagon and the final
term proportional to tH is the Haldane term [16], with
t0
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<latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJ EXRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/ xm4eduEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJK l2bqEpzFk5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit><latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJ EXRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/ xm4eduEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJK l2bqEpzFk5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit><latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJ EXRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/ xm4eduEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJK l2bqEpzFk5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit><latexit sha1_base64="xfwB6XV48og0g7RSbRcElk0Rp/4=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuCpJ EXRZdCO4qWAf0MQwmUzaoZNJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7twTpIxKZdvfRmVldW19o7ppbm3v7O5Z+wddmWQCkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXjq6nfeyBC0oTfqUlKvBgNOY0oRkpLvnVUd5lOh+g+j/ xm4eduEMFxYd74Vs1u2DPAZeKUpAZKtH3ryw0TnMWEK8yQlAPHTpWXI6EoZqQw3UySFOExGpKBphzFRHr57IIC1rUSwigR+nEFZ+rviRzFUk7iQCdjpEZy0ZuK/3mDTEUXXk55minC8XxRlDGoEjitA4ZUEKzYRBOEBdV/hXiEBMJK l2bqEpzFk5dJt9lw7IZze1ZrXZZ1VMExOAGnwAHnoAWuQRt0AAaP4Bm8gjfjyXgx3o2PebRilDOH4A+Mzx9SxJYl</latexit>
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FIG. 5. Honeycomb lattice model. (A) Spectrum of the
honeycomb lattice model defined in Eq. (22) for hopping pa-
rameters (t′, tH) = (1.2t, 1.2t); the inset shows the Brioullin
zone path. (B) The honeycomb lattice model is defined by
three hopping parameters t, t′, and tH . Here, t′ describes
hopping across the hexagon, which is taken to have negative
sign in (22), and tH corresponds to the Haldane term and
describes T -breaking next-nearest neighbor hopping.
λf1k defined in Eq. (16). The three hoppings are shown in
Fig. 5 (B), where arrows indicate T -breaking imaginary
hopping.
To see how Eqs. (21) and (22) give rise to states which
have the symmetry of higher angular momentum orbitals
consider the Hamiltonian at k = 0. The Hamiltonian
takes the form hk=0 = (t − t′)τx, which implies that
the eigenstates are the even and odd linear combinations
ak=0 ± bk=0. Clearly, the odd linear combination is odd
under all symmetries of the honeycomb lattice which ex-
change the sublattices and therefore the eigenstates at
k = 0 transform as s and f waves. Now, if we redefine
t′ = t−δ, then δ parametrizes a band inversion transition
of two bands with relative angular momentum l = 3 at
k = 0. As a result, Eq. (22) falls in the class of models of
which the low-energy description is captures by Eq. (2).
It is easy to recognize that the Hamiltonian of Eq. (22)
can be viewed as a simple generalization of the Haldane
model introduced in Ref. 16. In the context of the Hal-
dane model the band inversion transition described by
Eq. (22) can be understood as follows. First, we take
t′ = 0 but choose tH nonzero; this is the Haldane model
and describes a Chern insulator with C = ±1 bands.
Now we turn on and increase t′ (which we take positive).
As long as the gap stays open the ground state is a Chern
insulator with C = ±1 bands. At t′ = t the gap closes
and reopens for t′ > t. Since this transition is an an-
gular momentum l = ±3 transition the Chern numbers
must have changed by ±3 and indeed we find the result-
ing bands to have Chern number C = ∓2. (Note that
the sign of C is determined by the sign of tH .) As a
result, neither side of the transition corresponds to the
trivial insulator. A plot of the bands for t′ > t is shown
in Fig. 5 (A). Note that a large tH leads to a large sep-
aration of bands at K, which can be viewed as a large
mass for the graphene Dirac points.
84. Low-energy limit
In the models presented above, in particular the square
and triangular lattice models, we have made use only of
the lowest order lattice harmonics, i.e., we included the
nearest (or at most next-nearest) neighbor couplings. As
our considerations have shown, for the purpose of con-
structing models with a low-energy description given by
Eqs. (2) and (3) this is sufficient. In general, one may in-
clude higher order lattice harmonics in the same symme-
try class without affecting the essential physics described
by the model.
We now turn to a more detailed analysis of Eqs. (13)
and (18) from the viewpoint of higher angular momentum
band inversion transitions introduced in Sec. II. We begin
by expanding the coupling terms of the former, which
should be identified with ∆k of Eq. (3), to lowest order
in k and find for m = 2, 3
∆k ∝ (∆1 −∆2)km+ + (∆1 + ∆2)km− , (23)
where m = 2 and m = 3 correspond to Eqs. (13) and
(18), respectively. The fact that both km+ and k
m
− appear
is due to discrete crystal symmetry; the form of Eq. (3) is
only recovered at a fine-tuned point when ∆1 = ∆2. The
dominant term is determined by the relative magnitude
of |∆1 + ∆2| and |∆1 − ∆2|, which also determines the
Chern number in the band inverted regime. By changing
one of the two parameters ∆1,2 while keeping the other
fixed, the system undergoes a transition from a Chern
number C = ±m phase to a Chern number C = ∓m
phase. This transition occurs via a mass inversion at 2m
Dirac points located on the electron-hole Fermi surface
defined by kF (see Sec. II). Note that this is consistent
with the fact that in a Cn symmetric system the Chern
number can only be determined from the rotation eigen-
values mod n [15]; here we have 2m = n for m = 2, 3 and
n = 4, 6.
Now, let us address the question whether (13) and (18)
represent the most general form a Hamiltonian consistent
with C4 or C6 rotation symmetry. That is to say, we ask
whether there might be additional terms which can be
added to (13) and (18) while preserving its generic struc-
ture. In the case of C4 symmetry, we can reconsider
Eq. (12) and observe that in general ∆1 and ∆2 can be
complex. This more general Hamiltonian is still symmet-
ric under C4 rotations and translates into an additional
term in Eq. (13) given by ∆′1λ
d1
k τx + ∆
′
2λ
d2
k τy. Expand-
ing this full C4-symmetric Hamiltonian, with four real
parameters describing the coupling, in small momenta k
one finds
∆k ∝ ∆˜+k2+ + ∆˜−k2−, (24)
with ∆˜± given by
∆˜± = ∆′1 ±∆′2 − i(∆1 ∓∆2). (25)
From this we conclude that a full account of the
symmetry-allowed couplings leads a low-energy Hamil-
tonian of the form Eqs. (2) and (3) with ∆k given by
(24) in terms of ∆˜±. Only the magnitudes |∆˜±| are im-
portant for the topological classification in the inverted
regime (δ > 0). Clearly, this conclusion holds equally for
the case m = 3 and C6 symmetry; in particular, Eq. (25)
is still valid.
B. Spin angular momentum models
The two-band models constructed in the previous sub-
section all rely on on-site orbital states with integral an-
gular momentum. This property is not strictly required
by Eq. (7), since it only fixes the relative angular mo-
mentum. Therefore, a different approach to engineering a
band inversion of states with relative angular momentum
l relies on exploiting the spin degree of freedom. For in-
stance, two states with spin quantum number jz = ±l/2
with odd l have relative angular momentum l. Similarly,
by considering states with general spin quantum num-
bers l1/2 and l2/2, and engineering couplings between
such states, it becomes possible to realize band inver-
sions with angular momentum (l1 − l2)/2, where l1,2 are
both odd. In this subsection we follows this approach
and present a number of simple spinful models which re-
alize band inversion transitions to Chern insulators with
higher Chern number.
In the presence of a spin degree of freedom a mini-
mal model describing a band inversion must have four
bands. We therefore begin by considering a triangular
lattice model with two spin jz = ± 32 Kramers pairs. We
introduce the electron operators ck⇑,⇓ for each Kramers
pair, where ⇑,⇓≡ ± 32 , and collect these in a vector ck
defined as
ck =
(
ck⇑α
ck⇓α
)
. (26)
Here α = 1, 2 is a flavor index which labels the two pairs.
The Hamiltonian is then defined as H =
∑
k c
†
khkck with
four-band Hamiltonian matrix hk. To describe the cou-
plings between spin states we introduce a set of spin Pauli
matrices σx,y,z, where σz = ±1 corresponds to ⇑,⇓; we
use the Pauli matrices τx,y,z to describe couplings in fla-
vor space.
The form of the Hamiltonian hk can be determined us-
ing the same symmetry prescription as before. The sym-
metry of the spin matrices σx,y,z follows from the trans-
formation properties of the jz = ± 32 spin states, which
are different from the transformation properties of a more
familiar jz = ± 12 doublet. In particular, the spin matri-
ces σx and σy do not transform as the x, y-components
of an S = 1 angular momentum, which transform as px,y
waves, but instead transform as f waves. This implies
that a rotationally symmetric coupling of the spin states
has f -wave symmetry. We again take εk = 3 − λsk − δ
and find that a minimal Hamiltonian with C6 symmetry
but broken T and M symmetry takes the form
hk = εkτz + bzσz + ∆1λ
f1
k τxσx + ∆2λ
f2
k τxσy. (27)
9The first term describes the dispersion and energy differ-
ence δ of two spin-degenerate bands. Here, we are inter-
ested the regime where these bands remain uninverted
and therefore set δ < 0. The second term describes a
Zeeman splitting of the jz = ± 32 Kramers pair states in
each band, and as such it breaks T , vertical reflections,
and twofold rotations about in-plane axes; the Zeeman
splitting preserves C6. For Eq. (27) to describe a band
inversion with angular momentum l = ±3, we consider
the case |bz| > δ, which corresponds to an inversion of a
jz =
3
2 and jz = − 32 band with different flavor index. The
final two terms then describe an f -wave coupling between
the spin species which is off-diagonal in flavor space, i.e.,
connects the different Kramers pairs. This coupling gaps
out the inverted bands and realizes a Chern insulating
phase in the way described by Eq. (2). We note here
that the f -wave coupling of Eq. (27) does not break T
and can thus viewed as a form of spin-orbit coupling; we
will return to this observation in Sec. V. This remains
true when considering a slightly more general coupling
of the form (∆1λ
f1
k + ∆2λ
f2
k )τxσ+ + h.c., where ∆1,2 are
complex. The latter form should be viewed in the context
of the discussion of Eqs. (24) and (25).
Next, consider the case of two Kramers pairs with jz =
± 32 and jz = ± 12 , respectively. Adopting the notation
↑, ↓≡ ± 12 for the two jz = ± 12 states, we can collect the
electron operators in a vector ck given by
ck = (ck⇑, ck↑, ck↓, ck⇓)T , (28)
which has the structure of a j = 32 quartet. Since the
particle-hole pairs c†k⇑ck↓ and c
†
k⇓ck↑ have angular mo-
mentum +2 and −2, respectively, we can seek to engi-
neer a band inversion between the corresponding bands
and couple these with angular momentum l = ±2 pairing
terms. The minimal Hamiltonian which achieves this has
a structure similar to Eq. (27) and takes the form
hk = εkσzτz + bzσz + ∆(λ
d+
k σ− + λ
d−
k σ+). (29)
Here τz = ±1 still describes the two Kramers pairs but
the basis is defined by Eq. (28). As in Eq. (27), the first
two terms are responsible for the band inversion and the
final two terms describe a d wave pairing of the inverted
bands, giving rise to an energy gap. Recall that the d
waves are degenerate on the triangular lattice, leading to
a single ∆. Due to the d-wave nature of the coupling
the ground state of (29) realizes a Chern insulator with
C = ±2.
IV. INTERACTIONS AND EXCITONIC
PAIRING
In this section we turn to a more thorough study of
the Chern insulator models introduced in the previous
section. In particular, we address the effect of electronic
correlations on the nature of the band inversion transi-
tion. As explained in Sec. II, the Hamiltonian of Eq. (2)
describes a band inversion transition of non-interacting
fermions. Similarly, the lattice models introduced in the
previous section are free fermion models. To see how
interactions can affect the nature of the band inversion,
consider the critical point defined by δ = 0 where the
two bands touch at k = 0. First note that symmetry
protects the quadratic dispersion of the bands at the
touching point, which implies that the density of states
does not vanish. This should be contrasted with a Dirac
fermion transition, characterized by linear dispersion at
the touching point, for which the density of states van-
ishes. Due to the nonzero density of states it is natural
to expect that interactions give rise to correlated states
with an energy gap.
Two different possibilities for correlated states can be
distinguished. The first is the formation of an exci-
tonic insulator defined by the condensation of (conduc-
tion band) electron and (valence band) hole bound states.
The condensation of electron-hole excitons breaks rota-
tional symmetry and is therefore associated with a spon-
taneously broken (discrete) symmetry. The second pos-
sibility is the formation of a correlated liquid of electrons
and holes which does not break symmetries but instead
has fractional quantum Hall topological order [31, 41].
This intriguing second scenario has motivated a previous
study [31], in which we proposed and analyzed a wave
function description for such correlated liquid of electrons
and holes. In this work we focus on the first scenario and
study the excitonic insulator state in the vicinity of the
band inversion. More precisely, we consider the mean
field theory of the excitonic insulator.
We have argued in Sec. II that the description of the
higher angular momentum band inversions is formally
similar to the BCS theory for (higher angular momen-
tum) pairing states of fermions. In case of the former,
however, there is no notion of a broken symmetry in the
absence of interactions. The interaction-driven excitonic
insulator, on the other hand, does break a symmetry and
its mean field theory (at low-energies) is an analog of
BCS theory for s-wave pairing. As a result, the forma-
tion of excitons can be referred to as excitonic pairing of
electrons and holes. As we will demonstrate, the devel-
opment of a mean field theory for excitonic pairing, in
close analogy with BCS theory, gives access to informa-
tion on the structure of the ground state in the vicinity
of the band inversion transition. Most importantly, this
will lead us to the conclusion that the ground state in the
band inverted regime can be viewed as a multicomponent
C = 1 quantum Hall liquid of electrons and holes.
It is worth pointing out that the present case of
quadratically crossing bands is different from previously
studied quadratic band crossing models [24, 28–30]. In
the latter the degeneracy at the touching point is pro-
tected by point group and T symmetry. In contrast,
in the present case the touching point is not symmetry-
protected, but instead defines the critical point of the
band inversion transition parametrized by δ; δ does not
reflect a broken symmetry.
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FIG. 6. Dirac points at the topological phase transi-
tion. For the case m = 3 the transition from the topolog-
ical Chern insulating phase to the excitonic insulator phase
is marked by three Dirac points, as shown schematically on
the left. This transition is described by Eq. 30 and occurs
when |∆0| = |∆m=3|(2δ)3/2. The Dirac points are located on
a circle with radius kF and are related by threefold rotation
symmetry, as shown on the right. Importantly, the angle at
which the Dirac points are located is determined by the phase
of ∆0.
A. Excitonic insulator mean field theory
1. General analysis of the continuum model
To begin, consider the low-energy description of the
square and triangular lattice models of Eqs. (13) and
(18). In the analysis that follows we particularize to these
models for illustrative purposes, without loss of general-
ity. Consider furthermore the special case ∆1 = ∆2 ≡ ∆;
according to Eq. (23), for small momenta k this im-
plies ∆k ∼ ∆m(kx − iky)m with m = 2, 3. Based on
Eq. (25), we promote ∆m to a complex number with
arbitrary phase. In addition, in the small momentum
limit one has εk ' k2/2 − δ. As discussed, the form
of ∆k (i.e., an eigenstate of Lz with angular momentum
l = −m) is determined by the rotational symmetry of
the system. Importantly, the formation of excitons, i.e.,
excitonic pairing, alters the form of ∆k and breaks rota-
tional symmetry. Specifically, in a mean field description
of excitonic pairing ∆k becomes
∆k = ∆0 + ∆m(kx − iky)m, (30)
where m = 2, 3 and ∆0 represents the formation of ex-
citons. We observe that ∆0 is an angular momentum
l = 0 coupling of conduction and valence band, and since
(30) is a superposition of terms with different angular
momentum, rotational symmetry is broken. In the low-
energy continuum limit the l = 0 angular momentum
term breaks the emergent continuous rotation symmetry
and lowers the symmetry to Zm. In particular, ∆0 trans-
forms as ∆0 → e−imθ∆0 under rotations by an angle
θ. This establishes a link between the phase of ∆0 and
rotation symmetry breaking, which is analogous to the
link between the superconducting phase and U(1) charge
conjugation.
On the lattice, in the case m = 2 the fourfold rotation
C4 is reduced to C2; in the case m = 3 the rotational
symmetry is lowered from C6 to C3. In both cases, m = 2
and m = 3, the form of (30) can be derived from a lattice
model mean field Hamiltonian given by hk → hk+∆0τ++
∆∗0τ−.
To examine the implications of (30), in particular the
excitonic term, it is useful to invoke the connection to
the problem of pairing states. In the context of pair-
ing states, ∆0 can be interpreted as an s-wave pairing.
Assuming one is in the band inverted regime, this im-
plies a transition as function of the strength of ∆0, from
a Chern insulating phase to a trivial insulator phase.
This implication follows from the fact that s-wave pair-
ing is topologically trivial. The transition occurs when
|∆0| = |∆m|kmF = |∆m|(2δ)m/2, where kF is a momen-
tum defined by the condition εk = 0 (see Sec. II). At
the transition the system is gapless, with three (m = 3)
or two (m = 2) Dirac points located in a circle in mo-
mentum space with radius kF . Thus, the transition is
marked by three (or two, in the case of m = 2) Dirac
fermion mass inversions, which is consistent with the to-
tal change in the Chern number. This is shown schemat-
ically in Fig. 6 for the case m = 3. Note that the location
of the Dirac points depends on the phase of ∆0: assuming
∆0 = |∆0|eiθ0 and ∆m real but negative, the Dirac points
are located at angles θ0/m+ j2pi/m with j = 0, 1, 2.
2. Mean field phase diagram
Having discussed the qualitative features of the exci-
tonic mean field theory, we now turn to a more quan-
titative analysis. To this end, we take the triangu-
lar lattice model of Eq. (18) (the analysis is similar
for the m = 2 square lattice model), in which we set
∆1 = ∆2 ≡ ∆m=3, and add an onsite Hubbard repulsion
of the form HU = U
∑
j njsnjf , where ns,f are the den-
sity operators of the s and f orbitals and the sum is over
sites. In momentum space the Hubbard repulsion takes
the form
HU =
U
N
∑
q
∑
kk′
s†k+qskf
†
k′fk′+q, (31)
where N is the system size (i.e., total number of sites).
By performing a mean field decoupling of (31) in the
excitonic channel (see Appendix B for details) one ob-
tains a self-consistency condition for the excitonic order
parameter ∆0 given by
∆0 = − U
2N
∑
k
〈ϕ†kτxϕk〉. (32)
Here ϕk are the fermion operators defined in Eq. (14). At
zero temperature Eq. (32) defines the stationary point of
the free energy density
F [∆0] = −
∑
k
Ek +
N
U
∆20, Ek =
√
ε2k + |Σk|2, (33)
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FIG. 7. Excitonic mean-field theory. Panel (A) shows
the dependence of ∆0 on U at the band inversion transition
defined by δ = 0; since ∆0 ∼ exp(−1/αU), we plot ln ∆0 as
function of −1/U . Panel (B) shows the U–δ phase diagram
obtained from the mean field theory of excitonic pairing at
zero temperature. In the inverted regime (δ > 0) the blue
curve shows the phase boundary separating the rotation sym-
metric topological phase from the rotation symmetry broken
phase with nonzero excitonic pairing. The critical interac-
tion strength Uc, which defines this phase boundary, is ob-
tained from (35). The dashed curve indicates the presence of
a second transition in the vicinity of the symmetry breaking
transition, at U ′c > Uc, which separates the symmetry broken
topological phase from the trivial excitonic insulator. In all
calculations the overall energy scale is fixed by setting t = 1
and ∆3 is set to ∆3 = 1.0.
where Σk is defined as Σk = ∆0 + ∆k with ∆k =
∆3(iλ
f1
k + λ
f2
k ).
Solving these equations at zero temperature, we ob-
tain a phase diagram of excitonic pairing as function of
the interaction strength U and the band inversion pa-
rameter δ. The results are presented in Fig. 7, which we
now discuss. We first focus on the case δ = 0. In this
case, the non-interacting systems is right at the topo-
logical transition and is gapless, with two quadratically
dispersing bands touching at k = 0. As a consequence of
the non-vanishing density of states at the gapless point,
the susceptibility is divergent and one expects a rotation
symmetry broken state with nonzero ∆0 at infinitesimal
U . More precisely, one expects ∆0 ∼ exp(−1/αU), where
α is a constant reflecting the density of states [24]. This
is confirmed in Fig. 7 (A), where we show ln ∆0 as func-
tion of −1/U for the case δ = 0. (In all calculations we
choose ∆3 = 0.5t.)
We then proceed to the case δ 6= 0. For nonzero
δ, when the non-interacting system given by hk in Eq.
(18) is gapped, one expects a transition to the rotation
symmetry broken state at finite interaction strength Uc.
The critical interaction strength as function of δ defines
the phase boundary which separates the rotation sym-
metric phase from the rotation symmetry broken phase
with nonzero excitonic pairing. Since the inverted regime
(δ > 0) and the uninverted regime (δ < 0) have different
dispersion, as is clear from Fig. 1 (A) and (C), the criti-
cal strength Uc is expected to be smaller in the inverted
regime. We find that the transition to the symmetry
broken phase is a second order transition in mean field
theory, which implies that a closed form expression for
Uc can be obtained by expanding F of Eq. (B9) in powers
of ∆0. Such Landau-type expansion can only have even
powers of ∆0 and is valid in the vicinity of the transition
when ∆0 is small; specifically, one has up to fourth order
F [∆0]/N =
(
U−1 − c2
)
∆20 + c4∆
4
0. (34)
Then, Uc is defined by the condition that the coefficient
of the quadratic term vanishes and we find
Uc =
1
c2
, c2 =
1
2N
∑
k
[
1
Ek
− (Re∆k)
2
E3k
]
, (35)
where Ek defined in Eq. (B9) is evaluated at ∆0 = 0.
Figure 7 (B) shows the U–δ phase diagram obtained by
evaluating Uc as function of δ. As expected, Uc is smaller
in the inverted regime (blue curve) compared to the un-
inverted regime (red curve).
As discussed above in Sec. IV A 1, in the inverted
regime defined by δ > 0 one expects a second transi-
tion as the interaction strength increases. This second
transition is a topological phase transition described by
three Dirac fermions and occurs when |∆0| ∼ |∆k=kF |.
One may thus identify a second U ′c associated with the
topological phase transition and it is then natural to ask
how U ′c differs from Uc. To get an understanding we em-
ploy the Landau theory of Eq. (34) and solve for ∆0.
Minimization directly yields |∆0| =
√
(c2 − U−1)/2c4.
Within this approach the value of U ′c is determined by
setting this result equal to the value of ∆0 at which which
the topological transition occurs. Defining the latter as
∆˜0, we find
U ′c − Uc
Uc
=
1
(2c4Uc∆˜20)
−1 − 1 . (36)
We have verified that this estimate based on (34) is in
good agreement with the numerically exact result. Since
(2c4Uc∆˜
2
0)
−1  1, Eq. (36) implies that the transitions,
i.e., the symmetry breaking transition and the topological
transition, are in close proximity. This is indicated by
the dashed line in Fig. 7 (B). To understand why (U ′c −
Uc)/Uc is small, it is helpful to consider the continuum
description discussed in Sec. IV A 1, which is valid for
small δ. In this case one has ∆˜20 ∼ δ3 and c4 ∼ δ−2, from
which one finds (U ′c−Uc)/Uc ∼ δ/ ln δ. Note that in case
of the square lattice one finds (U ′c − Uc)/Uc ∼ 1/ ln δ.
The close proximity of the two transitions is an inter-
esting aspect of higher angular momentum band inver-
sions. The fate of these two transitions in an interacting
theory beyond mean field will be an interesting question
to address. Such theory should be formulated in terms of
three flavors of Dirac fermions coupled to a fluctuating
phase of the excitonic order parameter ∆0, as suggested
by Fig. 6.
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B. Structure of the ground state
Having discussed the quantitative aspects of the ex-
citonic pairing mean field theory, we return to a more
conceptual analysis, which we develop within the low-
energy continuum model. More specifically, we proceed
to examine the structure of the ground state as defined
in Eq. (4). As discussed in Sec. II (see also Appendix A),
the continuum model ground state is specified in terms
of the function gk and we demonstrate below that the
excitonic pairing term ∆0 plays a key role in the inter-
pretation of g(r), the Fourier transform of gk. This leads
to the conclusion that a theory for the band inversion
transition which includes the rotation symmetry break-
ing excitonic pairing term gives access to the structure
of the electron-hole ground state.
To show this, it is useful to first consider the case ∆0 =
0, i.e., when rotation symmetry is not broken, and obtain
g(r). We note that the form of gk, and thus g(r), changes
across the band inversion transition and thus depends
on δ. We focus on two cases: the critical point of the
transition when δ = 0, and the Chern insulating phase
when δ > 0. Consider the former case first. Right at the
transition and for small momentum k→ 0 one finds that
gk ∝ k2/∆(kx − iky)m. Taking the Fourier transform to
obtain g(r) one obtains
g(r) ∝ 1/zm, (37)
where z = x+ iy. Note that since gk is considered in the
small momentum limit, (37) describes the long-distance
behavior of g(r). In this limit g(r) falls off as a power law
as function of the distance between the electron and hole
forming a pair, and this regard the interpretation of (37)
as describing the pairing of electrons and holes with an-
gular momentum l = −m makes sense. Furthermore, in
Ref. 31 wave argued that many-body Slater-determinant
of (37), defined by (4), can be related to lowest Landau
level wavefunctions at filling factor ν = 1/m. This argu-
ment was based on a comparison of the number of zeros
of the many-body wave function, viewed as a function of
one of its variables.
Consider next the band-inverted regime δ > 0 (still
taking ∆0 = 0). In this case the small momentum limit
of gk is given by gk ∝ δ/∆∗(kx + iky)m, which implies
that in the long-distance limit g(r) has the form
g(r) ∝ (z∗)m−1/z. (38)
As a result, one has that |g| is constant for m = 2 [1]
and |g| ∼ |z| for m = 3 at long distances. This long-
distance behavior of g(r) presents a puzzle, since it is
not immediately clear how to reconcile it with the inter-
pretation of g(r) as describing the pairing of electrons
and holes; the electrons and holes cannot be said to be
bound into a pair in a meaningful sense. In contrast,
this is different for the well-known case of an l = −1
band inversion transition described by a Dirac fermion,
which corresponds to m = 1 in (38). In the case of the
latter, (38) corresponds to the “weak-pairing phase” [1]
and the many-body Slater determinant of the electron-
hole paired state defines a many-body wavefunction for
the C = ±1 Chern insulator.
To make progress in understanding the higher Chern
number phases in the inverted-regime, we break rotation
symmetry by introducing a nonzero ∆0, such that ∆k is
given by (30). As explained earlier, the amplitude of ∆0
controls a transition from a Chern insulating phase to a
trivial insulator phase, while keeping δ fixed. As far as
the topology of the two phases is concerned, this is same
topological transition as the transition controlled by δ
(while keeping ∆0 = 0). The former, however, is charac-
terized by a critical gapless phase with three linearly dis-
persing Dirac points and as a result, the topological tran-
sition parametrized by ∆0 is described bym simultaneous
l = −1 band inversions, consistent with a total angular
momentum l = −m transition. Each of these l = −1
band inversions, which are described by a Dirac fermion
theory, is well understood and has g(r) ∝ 1/z. Conse-
quently, the band inversion via three Dirac points reveals
that a higher angular momentum band inversion has the
generic structure of three l = −1 Dirac fermion transi-
tions, with three flavors of electron-hole pairing states
describing a ν = 1 quantum Hall phase.
This argument can be put on a more precise footing
by considering gk for ∆k given by (30). In this case one
finds
gk ∝ δ
km+ + ∆0/∆m
, (39)
which has m first order poles at kn (n = 1, . . . ,m) rather
than one m-th order pole at k = 0. Defining k1 =
(∆0/∆m)
1/m one has kn = e
i2pi(n−1)/3k1 and (39) can be
written as a sum over the three poles
∑m
n=1 γn/(k+−kn),
where γn are the residues. Fourier transforming then
gives the expected form of g(r) for three l = −1 transi-
tions, with additional oscillatory factors originating from
the nonzero momenta kn.
A few comments are in order regarding the significance
of rotational symmetry breaking. As explained, the ex-
istence of m Dirac points at three distinct nonzero mo-
menta requires the breaking of rotation symmetry. When
full rotation symmetry is present it forces the three tran-
sitions to all occur at k = 0, which in a sense obscures
the topological structure of the transition, as evidenced
by (38). As far as the topological structure of the transi-
tion between the higher Chern number insulating phase
and the trivial insulator is concerned, the presence of
higher rotational symmetry is not required. In fact, from
the perspective of topology the situation where the three
l = −1 transitions occur at different momenta is more
generic.
A similar reasoning relying on broken rotation symme-
try has been presented by Read and Green in the context
of chiral d-wave pairing [1], which may be compared to
our m = 2 case. In the case of chiral d-wave pairing, Read
and Green showed that by studying the transition to a
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trivial s-wave pairing state—in contrast to changing the
chemical potential—the correct edge excitation spectrum
and vortex states of a chiral d-wave superconductor can
be obtained. Since both the edge and vortex modes are
rooted in the topological structure of the phase, this is
another instance where only the more generic transition
described by multiple Dirac fermions (and with broken
rotation symmetry) reveals the true nature of the phase.
C. m-component C = 1 quantum Hall states
The previous analysis of band inversions with broken
rotation symmetry, in particular the splitting into multi-
ple l = −1 band inversions, leads to an important insight
regarding the structure of higher Chern number phase.
It can be states as follows: Since the transition is de-
scribed by m flavors of Dirac fermions, the higher Chern
number phase can be viewed as an m-component C = 1
phase, of which each component is characterized by a
quantum Hall wavefunction for electron-hole pairs at the
Dirac point.
It should be emphasized that here we reach this con-
clusion by considering a theory for the band inversion
transition and do not make reference to the notion of a
full Chern band. This approach is very different from—
but may be compared to—an approach which explicitly
addresses the structure of the Chern band by study-
ing its Wannier state representation [42]. The latter
approach clearly requires knowledge of the full Chern
band, as the Wannier state representation is inaccessible
within a (low-energy) continuum model which addresses
the band inversion. Using the Wannier state represen-
tation, Ref. 42 showed that a band with Chern number
C > 1 can be mapped to C layers of Landau levels, each
of which is equivalent to a C = 1 band. Even though the
two approaches are different, we thus see that both point
to a characteristic structural property of higher Chern
number bands: they are intrinsically multi-component
in nature, with the number of components given by the
Chern number C.
The Wannier state representation of bands with
higher Chern number leads a further important obser-
vation regarding the action of translational symmetry on
the multi-layer quantum Hall systems under the map-
ping [42]. Due to the structure of the Wannier states, one
of the two primitive translations acts as a permutation
on the C layers and thus acts nontrivially on the layer
degree of freedom. This was shown to have rather dras-
tic consequences when lattice dislocations are present. In
particular, dislocations give rise to an intricate interplay
between geometry and topology, resulting in topological
degeneracy even for Abelian states.
In the framework of the continuum model for the band
inversion transition, we can establish a connection to this
result by considering the effect of the m-fold rotations.
As noted earlier, the m-fold rotations give rise to a resid-
ual Zm symmetry. Furthermore, the m-fold rotations
permute the m Dirac points and thus permute the m
C = 1 components. As an example, consider m = 3 and
let k0,1,2 denote the location of the three Dirac points at
the transition, as shown in Fig. 6. The threefold rota-
tion relates these as kn = C
n
3 k0, where n = 0, 1, 2. As
explained in Sec. IV A 1, the three Dirac point momenta
k0,1,2 are determined by the phase of ∆0. A U(1) vortex
in the phase of ∆0 is associated with a 2pi/3 rotation and
permutes the Dirac points. This suggests an interesting
field theoretic description of the band inversion transition
in terms of an XY variable ∆0 and three Dirac fermions,
where proliferation of vortices in the phase of ∆0 restores
rotational symmetry and leaves the Dirac fermions ill-
defined. We leave the systematic development and anal-
ysis of such field theoretic description of higher angular
momentum band inversions for future studies.
V. TIME-REVERSAL INVARIANT
GENERALIZATIONS
A. Transition from normal to topological insulator
Now that we have introduced a class of Chern insu-
lator models based on the notion of higher angular mo-
mentum band inversions, both the theory and the his-
torical development of topological insulators lead to a
natural question: do there exist time-reversal invariant
generalizations of such models? For the orbital mod-
els of Sec. III A the answer is clearly yes, since we may
simply introduce a spin degree of freedom and build a
T -invariant Hamiltonian by combining two copies of hk:
one for the up spins and a time-reversed version of hk for
the down spins. In particular, in the spirit of BHZ [2]
one can define
Hk =
(
hk
h∗−k
)
. (40)
This Hamiltonian describes a transition between a trivial
insulator and a Chern insulating phase in each spin sec-
tor, where the Chern numbers associated with the spin
species have opposite sign. This can be viewed as a tran-
sition between a normal insulator and a topological insu-
lator characterized by an integer number of helical edge
modes. The number of helical edge modes is equal to the
angular momentum of the transition.
At low-energies, close to the band inversion transition,
the coupling of the |l = 0,± 12 〉 and |l = ±m,± 12 〉 bands
is a diagonal matrix ∆k in spin space given by
∆k = ∆
(
km±
(−k∓)m
)
, (41)
with m = 2, 3 and k± = kx ± iky. By construction, this
implies that the transition from normal to topological in-
sulator (or vice versa) is special in the sense that right at
the critical point of the transition (i.e., when the bands
touch) the bands disperse quadratically. As in Sec. IV,
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one then expects interaction effects to be important. In
this time-reversal invariant case, the two possibilities for
correlated states are the excitonic insulator and the frac-
tional topological insulator [21, 43–50]. In particular the
fractional topological insulator is an interesting possibil-
ity, and band inversions of the type described by (40) and
(41) are a promising venue for their realization.
The Hamiltonian of Eq. (40) has the property that
it commutes with spin rotations about the z-axis, i.e.,
[Hk, σz] = 0, which implies that Sz is conserved. This
property, however, is not guaranteed unless it is man-
dated by appropriate physical symmetries of the system.
For a given symmetry group the most general Hamilto-
nian allowed by symmetry may have spin-orbit coupling
terms which violate Sz conservation. Since such terms
are likely to spoil the form of the coupling ∆k at low en-
ergies, and thus potentially destroy the preconditions for
interactions to be important, it is necessary to determine
under what conditions the form of (40) is enforced by
symmetry.
B. Symmetry protection
To examine the symmetry protection of the T -invariant
band inversion, we consider the axial point groups of two-
dimensional layer groups (as in Sec. III) and determine
the constraints each imposes. Importantly, whereas in
Sec. III we only needed to consider symmetry groups
compatible with nonzero chirality, here we must consider
a more general class of axial symmetry groups. These
groups are summarized in Table II, organized by crystal
system and the presence of inversion symmetry.
We start by examining systems with orbital (l) and
spin (jz) degrees of freedom given by (l, jz) = (m,± 12 ),
with m = 2, 3, which are simple spinful generalizations
of the models introduced in Sec. III A. We then consider
T -invariant generalizations of the models introduced in
Sec. III B, which are constructed from two jz = ± 32
Kramers pairs. We conclude by discussing a generalized
Kane-Mele model [51] based on Sec. III A 3.
1. Systems with (l, jz) = (m,± 12 ) states
Consider the triangular lattice case with s and f states
(i.e., m = 3). We introduce the spin degree of freedom
by defining
H =
∑
k
Φ†kHkΦk, Φk =
(
sk↑,↓
fk↑,↓
)
, (42)
such thatHk is matrix in orbital and spin space; σz = ±1
denotes ↑, ↓. A T -invariant version of Eq. (18) is given
by
Hk = εkτz + ∆1λf1k τy + ∆2λf2k τxσz, (43)
Hexagonal Trigonal Tetragonal
Inversion D6h D3d D4h
C6h S6 C4h
No Inversion D6, C6v, D3h D3, C3v D4, C4v, D2d
C6, C3h C3 C4, S4
TABLE II. Classification of axial point groups. Table
summarizing the basic symmetry properties of the axial point
groups. The point groups with an inversion symmetry can
protect the structure of the band inversion given by Eqs. (40)
and (41). Point groups on the second row differ from the first
row by the lack of a twofold rotation perpendicular to the
principal rotation axis; point groups on the fourth row differ
from the third row by the lack of a perpendicular twofold
rotation or a vertical mirror plane.
which is clearly of the form (40). To determine what
symmetries are sufficient to protect the structure of the
Hamiltonian we begin by examining the hexagonal and
trigonal symmetry groups of Table II with inversion sym-
metry. In the presence of both T and inversion symmetry
all bands are necessarily twofold degenerate, imposing a
strong constraint on the Hamiltonian.
We first observe that (43) is invariant under all sym-
metries of the hexagonal group D6h. In fact, if D6h is im-
posed (43) exhausts all symmetry-allowed terms, which
implies that the full group D6h is sufficient to protect
the band inversion transition. The same is true for the
trigonal group D3d, which is a subgroup of D6h. We con-
clude that both D6h and D3d protect a T -invariant band
inversion of spinful s and f bands.
Next, consider the symmetry groups C6h and S6.
These differ from the previous two groups by the ab-
sence of twofold rotations about axes in the plane. As
a result of the lower symmetry, the Hamiltonian takes a
more general form given by
Hk = εkτz + (∆1λf+k + ∆∗1λf−k )τy
+ (∆2λ
f+
k + ∆
∗
2λ
f−
k )τxσz, (44)
where now ∆1,2 are complex and we have defined λ
f±
k =
λf1k ± iλf2k . Since (44) still commutes with σz, the Hamil-
tonian is of the form (40). The effect the of the more
general coupling can be understood by expanding around
the band inversion transition at k = 0. We find
∆k = (−i∆1 ±∆2)k3+ + (−i∆∗1 ±∆∗2)k3−, (45)
which should be compared to the discussion in
Sec. III A 4. We see that the additional couplings only
have an effect on the phase and amplitude of cubic terms
and therefore do not fundamentally alter the structure
of the band inversion. As a result, all symmetry groups
which possess an inversion symmetry provide sufficient
protection for a T -invariant band inversion with higher
angular momentum.
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We then proceed to the point groups listed in Table
II which do not have an inversion symmetry. Owing to
the absence of inversion symmetry, additional spin-orbit
coupling terms can be symmetry-allowed. For instance,
in the case of C6v the following two spin-orbit coupling
terms are generically present in the Hamiltonian:
H′k = t1(λp1k σy − λp2k σx) + t2τy(λd1k σy − λd2k σx). (46)
These terms do not commute with σz and furthermore,
when expanded in small momenta k, the first term de-
scribes a linear splitting of the spin species. Such linear
coupling changes the nature of the band inversion, as it
causes the density of states to vanish at the transition.
A similar result is obtained for the symmetry groups D6
and C6, which leads to the conclusion that systems gov-
erned by these groups cannot have symmetry-protected
higher angular momentum band inversions. The point
group D3h is similar to D6 and C6v but differs in an
essential way: instead of a twofold rotation about the
principal axis it contains a horizontal reflection. Since
under the latter reflection (σx, σy, σz) → (−σx,−σy, σz)
the terms of Eq. (46) are symmetry-forbidden. We there-
fore find that D3h imposes sufficient constraints for the
protection of the band inversion. This is not true for the
point group C3h, as its admits the coupling ∆0τx, which
changes the nature of the band inversion transition.
Finally, since the trigonal groups without inversion are
all subgroups of symmetry groups for which protection is
lost, these do not protect the T -invariant higher angular
momentum band inversion.
We conclude this part by noting that a similar analysis
applies to the square lattice Hamiltonian of Eq. (13). Its
T -invariant generalization based on (40) is given by
Hk = εkτz + ∆1λd1k τy + ∆2λd2k τxσz. (47)
The form of this Hamiltonian is protected by tetragonal
D4h symmetry. Lowering the symmetry to C4h allows
for the additional couplings ∆′2λ
d2
k τy+∆
′
1λ
d1
k τxσz, which
a similar effect as described by Eq. (45). When inver-
sion symmetry is lacking, which is the case for symmetry
groups D4 and C4v, the additional spin-orbit coupling
term λp1k σy − λp2k σx is activated.
2. Systems with jz = ± 32 doublets
In Sec. III B we introduced models for higher angu-
lar momentum inversions of jz = ± 32 states. To de-
scribe such band inversions, it is necessary to consider
two jz = ± 32 Kramers pairs, see Eq. (26). As a result,
a T -invariant generalization can be obtained by impos-
ing T symmetry on the Hamiltonian defined in Eq. (27),
which yields
hk = εkτz + τx(∆λ
f+
k σ+ + ∆
∗λf−k σ−), (48)
where ∆ is complex and λ
f±
k = λ
f1
k ±iλf2k as before. Close
to k = 0 the coupling between the bands is a matrix in
spin space and reads as
∆k =
(
∆k3±
∆∗k3∓
)
. (49)
To determine the symmetry protection it is necessary
to specify the symmetry quantum numbers more pre-
cisely. Here we first assume the presence of inversion
symmetry and focus on the case where one of Kramers
pairs is inversion even and one is odd. This implies that
(48) is invariant under inversion. More specifically, (48)
is invariant under all symmetries of D6h and represents
the most general form of the Hamiltonian with this sym-
metry. Furthermore, lowering the symmetry to D3d, C6h,
or S6 does not give rise to additional terms in the Hamil-
tonian and a result, all symmetry groups with inversion
symmetry protect the structure of the T -invariant band
inversion.
3. Generalized Kane-Mele model
We conclude this section by discussing the time-
reversal invariant generalization of the honeycomb lattice
model defined in Eq. (22). As discussed, the honeycomb
lattice model can be viewed as the Haldane model with
third-nearest neighbor hopping across the hexagon. This
immediately suggests that a time-reversal invariant ver-
sion is obtained by replacing the Haldane term with the
Kane-Mele spin-orbit coupling term [51]. The Hamilto-
nian then becomes [see Eq. (22)]
Hk = (φk− t′φ′k)τ+ + (φ∗k− t′φ′∗k )τ−+ tsocλf1k τzσz. (50)
The structure of this Hamiltonian is symmetry-protected
as long as the symmetry group of the systems is D6h or
C6h.
VI. DISCUSSION AND CONCLUSION
In this work we have studied higher angular momen-
tum band inversions in two dimensions. Owing to the
non-vanishing density of states, these higher angular mo-
mentum band inversions provide a promising venue for
realizing many-body generalizations of the topological
phase transitions known from free fermion systems. To
achieve such realizations two main directions for future
research can be distinguished: the identification of ma-
terials which host higher angular momentum band inver-
sions and a further investigation of the effect of interac-
tions.
The construction of lattice models presented in Sec. III
is a first and important step towards the identification
of materials which exhibit rotation symmetry protected
band inversions. In particular, we have shown that three
different types of candidate systems can be identified,
which differ in the nature of the microscopic degrees of
freedom. Clearly, one possibility to realize an inversion of
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bands with relative angular momentum m is to consider
materials with local atomic orbital degrees of freedom,
such as d- or f -wave states. As evidenced by an ex-
tended Haldane model on the honeycomb lattice, a sec-
ond possibility relies on structures within a primitive unit
cell, where wave functions transforming as higher angular
momenta are formed by linear combinations of states at
different sites. A third route relies on spin angular mo-
mentum states in strongly spin-orbit coupled systems.
These systems provide potential avenues towards the
experimental realization of many-body band inversions.
It is important to note that realizing many-body Chern
band transitions requires broken time-reversal symme-
try, which may be challenging to realize other than by
proximity to magnetic systems or in the presence of ex-
ternal magnetic fields. In this sense, a fruitful approach
could target the time-reversal invariant generalizations
discussed in Sec. V, which rely on the presence of partic-
ular spin-orbit couplings.
A further direction for the future is the more detailed
theoretical study of the effect of electronic interactions on
the nature of the band inversion, focused in particular on
the relative stability of the excitonic insulator phase and
the fractional quantum Hall-type liquid states. In this
regard the lattice models introduced in this work provide
the basis for numerical studies.
We conclude by pointing out that our work gives rise
to an interesting application in three dimensions, specif-
ically in the context of topological semimetals. Starting
from the lattice models for higher angular momentum
band inversions, one may introduce a third dimension
and obtain a minimal model for a Weyl semimetal or a
Dirac semimetal. More specifically, in case of the chiral
models obtains lattice models for Weyl semimetals with
higher monopole charge [10]. In fact, the square lattice
model of Eq. (13) reproduces the double Weyl semimetal
model introduced in Ref. 52. The triangular lattice mod-
els can be promoted to lattice models for Weyl semimet-
als with monopole charge C = 3. The time-reversal in-
variant generalizations introduced in Sec. V can be ex-
tended with a coupling in the third dimension to produce
simple lattice models for (band-inversion induced) Dirac
semimetals. In this way the T -invariant model of Eq. (43)
gives rise to Dirac points with quadratic dispersion [53].
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Appendix A: Ground state of Hamiltonian (2)
The Hamiltonian hk of Eq. (2) is diagonalized with
the help of the unitary matrix Uk, which contains the
eigenvectors as its columns, and one has
U†khkUk =
(
Ek
−Ek
)
, Uk =
(−u∗k vk
v∗k uk
)
(A1)
where Ek =
√
ε2k + |∆k|2 is the energy. The matrix Uk
must satisfy U†kUk = 1, which implies |uk|2 + |vk|2 = 1.
The ratio of uk and vk is independent of the U(1) phase
degree of freedom associated with the eigenvectors and is
given by
vk/uk = −(Ek − ξk)/∆∗k. (A2)
We define normal mode operators γke and γkh corre-
sponding to the energy eigenvalues ±Ek as
γk =
(
γke
γkh
)
= U†ψk. (A3)
The normal mode operators for the negative energy states
are given by
γ†kh = vkc
†
ke + ukc
†
kh. (A4)
The mean-field ground state |GS〉 is given by filling all
the negative energy states, i.e., |GS〉 = ∏k γ†kh|0〉. Sub-
stituting Eq. (A4) and using the identity ckhc
†
kh|0〉 = |0〉,
the ground state can be written in the following form
|GS〉 =
∏
k
(uk + vkc
†
keckh)|Ω〉. (A5)
Here |Ω〉 defines a vacuum state obtained by filling all
valence band states: |Ω〉 = ∏k c†kh|0〉. Since ckh creates
holes in the vacuum defined by |Ω〉, it is natural to per-
form a particle-hole transformation on the hole operators
given by
ckh → c†−kh, γkh → γ†−kh. (A6)
After particle-hole transformation the normal mode an-
nihilation operators take the form
γke = vkc
†
−kh − ukcke (A7)
γ−kh = vkc
†
ke + ukc−kh (A8)
and in full analogy with BCS theory one obtains the
ground state by determining the state which is annihi-
lated by all such normal mode operators. A state which
clearly has this property is
∏
k γkeγ−kh|Ω〉 and one thus
finds the ground state as
|GS〉 =
∏
k
(uk + vkc
†
kec
†
−kh)|Ω〉, (A9)
which is precisely (A5) with ckh → c†−kh.
Appendix B: Excitonic insulator mean field theory
For the purpose of a mean field analysis it is useful
to express interacting Hamiltonian HU of Eq. (31) in a
form which can decoupled. To this end we rewrite the
interacting Hamiltonian as
HU = − U
4N
∑
kk′
(ϕ†kτxϕk)(ϕ
†
k′τxϕk′), (B1)
with ϕk as defined in Eq. (14). Here N is the system size.
To perform the mean field decoupling of the interaction,
we write the action of interacting system as S = S0 +SU
with S0 =
∫ β
0
dτ
∑
k ϕ
†
k(∂τ + hk)ϕk and SU =
∫ β
0
dτHU .
The interacting part of the action is decoupled in terms
of the field ∆0 as exp(−SU ) =
∫ D∆0 exp(−S′U [∆0]),
where S′U [∆0] is now bilinear in the fermions and given
by S′U [∆0] =
∫ β
0
dτH ′U [∆0] with
H ′[∆0] = 2∆0
∑
k
ϕ†kτxϕk + 4N∆
2
0/U. (B2)
For the subsequent analysis it is convenient to redefine
the mean field as 2∆0 → ∆0.
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1. Mean field solution
Integrating out the fermions one obtains the free en-
ergy as a functional of ∆0; the saddle-point of this free
energy defines the mean field self-consistency equation,
which is given by
δF
δ∆0
= 0 ⇒ ∆0 = − U
2N
∑
k
〈ϕ†kτxϕk〉. (B3)
The expectation value is defined with respect to the
ground state of the mean field Hamiltonian
hMFk =
(
εk Σk
Σ∗k −εk
)
, Σk = ∆0 + ∆k, (B4)
where ∆k = ∆3(iλ
f1
k +λ
f2
k ). Here we have taken ∆1 = ∆2
in Eq. (18) and redefined it as ∆m=3. The energies
of the mean field Hamiltonian are given by ±Ek =
±√ε2k + |Σk|2 and the matrix Uk which diagonalizes the
mean field Hamiltonian is given by
Uk =
1√
2Ek(Ek − εk)
( −Σ∗k εk − Ek
εk − Ek Σk
)
. (B5)
Substituting this into the self-consistency condition (B3)
one finds
∆0 =
U
2N
∑
k
Re[Σk]
Ek
[f(−Ek)− f(Ek)]. (B6)
where f(ε) = (1 + eβε)−1 is the Fermi function. At
zero temperature the self-consistency condition reduces
to ∆0 =
U
2N
∑
k Re[Σk]/Ek.
2. Free energy
The free energy itself can be directly evaluated and at
finite temperature T
F [∆0] = − 2
β
∑
k
ln cosh
(
βEk
2
)
+
N
U
∆20, (B7)
where we have ignored the constant contribution
−(N/β) ln 4. By taking the derivative with respect to
∆0 and setting it equal to zero one recovers the saddle-
point equation (B6).
At zero temperature the free energy takes the simple
form
F [∆0] = −
∑
k
Ek +N∆
2
0/U. (B8)
3. Expansion of free energy in ∆0
To study the phase transition to the rotation symmetry
broken state one may expand the free energy powers of
the order parameter ∆0 to obtain a simple Landau theory
for the transition. At zero temperature, the free energy
(B8) can be expanded as
F [∆0]/N =
(
U−1 − c2
)
∆20 + c4∆
4
0, (B9)
where the expansion coefficients are given by
c2 =
1
2N
∑
k
(
1
Ek
− (Re∆k)
2
E3k
)
, (B10)
c4 =
1
8N
∑
k
(
1
E3k
− 6(Re∆k)
2
E5k
+ 5
(Re∆k)
4
E7k
)
.(B11)
Note that since we are expanding around ∆0 = 0, in
these expressions the energy Ek is evaluated at ∆0, i.e.,
Ek =
√
ε2k + |∆k|2.
